Abstract. A generalization Gal ℓ (p, q) of the conformal Galilei algebra g ℓ (d) with Levi subalgebra isomorphic to sl(2, R) ⊕ so(p, q) is introduced and a virtual copy of the latter in the enveloping algebra of the extension is constructed. Explicit expressions for the Casimir operators are obtained from the determinant of polynomial matrices. For the central factor Gal ℓ (p, q), an exact formula giving the number of invariants is obtained and a procedure to compute invariants functions that do not depend on variables of the Levi subalgebra is developed. It is further shown that such solutions determine complete sets of invariants provided that the relation d ≤ 2ℓ + 2 is satisfied.
Introduction
Conformal invariance was first recognised to be of physical interest when it was realized that the Maxwell equations are covariant under the 15-dimensional conformal group [1, 2] , a fact that motivated a more detailed analysis of conformal invariance in other physical contexts such as General Relativity, Quantum Mechanics or high energy physics [3] . These applications further suggested to study conformal invariance in connection with the physically-relevant groups, among which the Poincaré and Galilei groups were the first to be considered. In this context, conformal extensions of the Galilei group have been considered in Galilei-invariant field theories, in the study of possible dynamics of interacting particles as well as in the nonrelativistic AdS/CFT correspondence [4, 5, 6, 7, 8] . Special cases as the (centrally extended) Schrödinger algebra S(n) corresponding to the maximal invariance group of the free Schrödinger equation have been studied in detail by various authors, motivated by different applications such as the kinematical invariance of hierarchies of partial differential equations, Appell systems, quantum groups or representation theory [9, 10, 11, 12] . The class of Schrödinger algebras can be generalized in natural manner to the so-called conformal Galilei algebras g ℓ (d) for (half-integer) values ℓ ≥ , also corresponding to semidirect products of the semisimple Lie algebra sl(2, R) ⊕ so(d) with a Heisenberg algebra but with a higher dimensional characteristic representation. ‡ Such algebras, that can be interpreted as a nonrelativistic analogue of the conformal algebra, have been used in a variety of contexts, ranging from classical (nonrelativistic) mechanics, electrodynamics and fluid dynamics to higher-order Lagrangian mechanics [13, 14, 15, 16] The algebraic structure of the conformal Galilei algebra g ℓ (d) for values of ℓ ≥ 3 2 and its representations have been analyzed in some detail, and an algorithmic procedures to compute their Casimir operators have been proposed (see e.g. [17, 18] and references therein). In the recent note [19] , a synthetic formula for the Casimir operators of the g ℓ (d) algebra has been given. Although not cited explicitly, the procedure used there corresponds to the socalled "virtual-copy" method, a technique well-known for some years that enables to compute the Casimir operators of a Lie algebra using those of its maximal semisimple subalgebra ( [20, 21, 22, 23] and references therein).
In this work, we first propose a further generalization of the conformal Galilei algebras g ℓ (d), replacing the sl(2, R) ⊕ so(d) subalgebra of the latter by the semisimple Lie algebra sl(2, R) ⊕ so(p, q). As the defining representation ρ d of so(p, q) is real for all values p+q = d [24] , the structure of a semidirect product with a Heisenberg Lie algebra remains unaltered. The Lie algebras Gal ℓ (p, q) describe a class of semidirect products of semisimple and Heisenberg Lie algebras among which g ℓ (d) corresponds to the case with a largest maximal compact subalgebra. Using the method developed in [22] , we construct a virtual copy of sl(2, R) ⊕ so(p, q) in the enveloping algebra of Gal ℓ (p, q) for all half-integer values of ℓ and any d = p + q ≥ 3. The Casimir operators of these ‡ By characteristic representation we mean the representation of sl(2, R) ⊕ so(d) that describes the action on the Heisenberg algebra.
Lie algebras are determined combining the analytical and the matrix trace methods, showing how to compute them explicitly in terms of the determinant of a polynomial matrix.
We further determine the exact number of Casimir operators for the unextended Lie algebras Gal ℓ (p, q) obtained by factorizing Gal ℓ (p, q) by its centre. Using the reformulation of the Beltrametti-Blasi formula in terms of the Maurer-Cartan equations, we show that albeit the number N of invariants increases considerably for fixed ℓ and varying d, a generic polynomial formula at most quadratic in ℓ and d that gives the exact value of N can be established. Depending on the fact whether the relation d ≤ 2ℓ + 2 is satisfied or not, it is shown that Gal ℓ (p, q) admits a complete set of invariants formed by operators that do not depend on the generators of the Levi subalgebra. An algorithmic procedure to compute these invariants by means of a reduction to a linear system is proposed.
Maurer-Cartan equations of Lie algebras and Casimir operators
Given a Lie algebra g = X 1 , .., X n | [X i , X j ] = C k ij X k in terms of generators and commutation relations, we are principally interested on (polynomial) operators
., n) is satisfied. Such an operator can be shown to lie in the centre of the enveloping algebra of g and is called a (generalized) Casimir operator. For semisimple Lie algebras, the determination of Casimir operators can be done using structural properties [25, 26] . However, for non-semisimple Lie algebras the relevant invariant functions are often rational or even transcendental functions [27, 28] . This suggests to develop a method in order to cover arbitrary Lie algebras. One convenient approach is the analytical realization. The generators of the Lie algebra s are realized in the space C ∞ (g * ) by means of the differential operators:
where {x 1 , .., x n } are the coordinates in a dual basis of {X 1 , .., X n }. The invariants of g hence correspond to solutions of the following system of partial differential equations:
Whenever we have a polynomial solution of (2), the symmetrization map defined by
allows to rewrite the Casimir operators in their usual form as central elements in the enveloping algebra of g, after replacing the variables x i by the corresponding generator X i . A maximal set of functionally independent invariants is usually called a fundamental basis. The number N (g) of functionally independent solutions of (2) is obtained from the classical criteria for differential equations, and is given by the formula
where A(g) := C k ij x k is the matrix associated to the commutator table of g over the given basis [29] . The reformulation of condition (4) in terms of differential forms (see e.g. [30] ) allows to compute N (g) quite efficiently and even to obtain the Casimir operators under special circumstances [31, 32] . In terms of the Maurer-Cartan equations, the Lie algebra g is described as follows: If C k ij denotes the structure tensor over the basis {X 1 , .., X n }, the identification of the dual space g * with the left-invariant 1-forms on the simply connected Lie group the Lie algebra of which is isomorphic to g allows to define an
Using the coboundary operator d, we rewrite g as a closed system of 2-forms
called the Maurer-Cartan equations of g. In order to reformulate equation (4) in this context, we consider the linear subspace L(g) = R {dω i } 1≤i≤dim g of 2 g * generated by the 2-forms dω i . Now, for a generic element ω = a
We define the scalar j 0 (g) as the maximal rank of generic elements,
As shown in [30] , this is a scalar invariant of the Lie algebra g that satisfies the relation
Virtual copies of semisimple Lie algebras
The method of virtual copies, essentially developed in [23] , constitutes a natural generalization of a method due to Ch. Quesne (see [20] ) that combines the boson formalism and enveloping algebras of Lie algebras in order to compute Casimir operators of semidirect products s − → ⊕ R r of simple Lie algebras s and solvable algebras r.
We briefly recall the procedure, the details of which can be found in [23] : Let g be a nonsemisimple Lie algebra admitting the Levi decomposition g = s − → ⊕ Γ r, where s denotes the Levi subalgebra, Γ the characteristic representation and r the radical, i.e., the maximal solvable ideal of g. Let {X 1 , .., X n , Y 1 , .., Y m } be a basis such that {X 1 , .., X n } spans s and {Y 1 , .., Y m } spans r. We further suppose that the structure tensor in s is given by
We now define operators X ′ i in the enveloping algebra of g by means of
where P i is a homogeneous polynomial of degree k and f is homogeneous of degree k −1.
We require the constraints
[
to be satisfied for all generators. This leads to conditions on f and P i . It can be shown that condition (11) leads to
By homogeneity, we can reorder the terms according to their degree, so that
are satisfied, showing that f is a Casimir operator of the radical r. Expanding the condition (12) and taking into account the homogeneity degrees, after a routine computation we find that the system
is satisfied for any indices i, j. Using now (9), the first identity reduces to
From this we conclude that the function f is a Casimir operator of g that depends only on the variables of the radical r. The second identity in (15) implies that P i transforms under the X ′ j s like a generator of the semisimple part s. Taken together, it follows that the operators
We shall say that the operators X ′ i generate a virtual copy of s in the enveloping algebra of g. If f can be identified with a central element of g, as happens for a radical isomorphic to a Heisenberg algebra, the virtual copy actually generates a copy in U (g) [20, 21] . The computation of the invariants of g reduces to application of the following result proved in [23] : Theorem 1 Let s be the Levi subalgebra of g and let
be homogeneous polynomials in the generators of g satisfying equations (14) and (15) .
The independence of the invariants obtained in such manner follows at once from the conditions (11) and (12) . For the particular case of a radical isomorphic to a Heisenberg Lie algebra, it follows that the number of non-central invariants is given by the rank of the semisimple part, i.e., N (g) = N (s) + 1 (see [22] for a proof). Considering the basis (see e.g [17] ) given by the generators {H, D, C, E ij = −E ji , P n,i } with n = 0, 1, 2, . . . , 2ℓ; i, j = 1, 2, . . . , d, the commutators are
The invariants can be deduced from the Casimir operators of the semisimple subalgebra of g by replacing the generators by expressions of the type (10) that generate a virtual copy of s. For the case of the conformal generalized Galilean algebra g ℓ (d), these invariants have recently been given implicitly in [19] essentially applying this method, although the nomenclature use there is referred to as "disentaglement" of the generators.
The conformal generalized pseudo-Galilean algebra
Introducing a non-degenerate metric tensor of signature (p, q), the structure of conformal Galilean algebras can be easily extended to the pseudo-orthogonal Lie algebras so(p, q) (p + q = d) along the same lines. The pseudo-orthogonal algebra so(p, q) with d = p + q is given by the
where g = diag (1, .., 1, −1, .., −1) is the matrix of the non-degenerate metric. Let ρ 1 be the d-dimensional defining representation of so(p, q) and define the tensor product
. Then Γ is an irreducible representation of the semisimple Lie algebra sl(2, R) ⊕ so(p, q) that satisfies the condition Γ 0 ⊂ Γ ∧ Γ, i.e., the wedge product of Γ contains a copy of the trivial representation. Following the characterization given in [22] , this implies that the Lie algebra (sl(2, R) ⊕ so(d))
− → ⊕ Γ⊕Γ 0 h N with N = d(2ℓ + 1) is well defined. Over the basis H, D, C, E ij = −E ji , P n,i , M with 0 ≤ n ≤ 2ℓ and 1 ≤ i < j ≤ p + q, the brackets are given by
As commented above, the number of Casimir operators is given by 2 + d 2
and can be deduced in closed form by means of the virtual copy method.
Proposition 1 For any
, the operators
with coefficients defined by
generate a (virtual) copy of sl(2, R) ⊕ so (p, q) in the enveloping algebra of Gal ℓ (p, q).
The proof, albeit long and computationally cumbersome, is completely straightforward and reduces to a direct verification of the conditions (11) and (12) with the choice f = M, taking into account the following relations between the generators and quadratic products:
In particular, for the metric tensor g ii = 1 corresponding to the compact orthogonal algebra so(d), we obtain an equivalent realization to the disentaglement conditions given in [19] .
Explicit formulae for the Casimir operators of Gal ℓ (p, q)
Once the (virtual) copy of the semisimple Lie algebra Gal ℓ (p, q) is found, explicit expression for the Casimir operators can be immediately deduced, in its unsymmetrized analytic form, by means of the well known trace methods (see e.g. [25, 26, 33, 34, 35, 36, 37] ). To this extent, let {d, h, c, e i,j , p n,k } be the coordinates in Gal ℓ (p, q) * and let d, h, c, e i,j , p n,k denote the analytical counterpart of the operators in (20) . As the simple subalgebras sl(2, R) and so(p, q) commute, it follows at once that any invariant of Gal ℓ (p, q) must be also an invariant of the subalgebra sl(2, R) − → ⊕ Γ h N . Semidirect products of sl(2, R) and a Heisenberg Lie algebra are well-known to possess only one Casimir operators besides the central generator [22] , the analytic expression of which is given by
This invariant can also be described as a determinant as follows (see e.g. [21] ): Let
− → ⊕ Γ h N are then described in uniform manner by
Let
be the dual basis of B and define be the polynomial matrix A of order 4 + (2ℓ + 1)d, the entries of which are given by
It follows from the analysis in [21] that the determinant det A provides the non-central Casimir invariant of the Lie algebra sl(2, R) − → ⊕ Γ h N . Comparing the result with that deduced from (22) using the copy in the enveloping algebra, we have the relation
Similarly, we can consider the invariants of Gal ℓ (p, q) that are simultaneously invariants of the subalgebra so(p, q)
For the pseudo-orthogonal Lie algebra so(p, q), a maximal set of Casimir operators is well known to be given by the coefficients C k of the characteristic polynomial P (T ) of the matrix
.. −g jj e 1j .. −g N N e 1,N : : :
: :
The same formula, replacing the generators e i,j by those e i,j of the virtual copy will provide us with the invariants of Gal ℓ (p, q) that only depend on the generators of so(p, q) and the characteristic representation Γ. independent Casimir operators of Gal ℓ (p, q) depending only on the generators of so(p, q) and the {P 0,i , · · · P 2ℓ,i } with 1 ≤ i ≤ p+q = d is given by the coefficients C k of the polynomial P (T ) defined by
where
The actual symmetric representatives Sym( C k ) of the invariants as elements in the enveloping algebra are obtained from the symmetrization map (3).
It follows that the orders of the 1 + p+q 2
non-central invariants of Gal ℓ (p, q) are
The unextended case
As the centre of the Lie algebra Gal ℓ (p, q) is one-dmensional, the corresponding factor algebra Gal ℓ (p, q) = Gal ℓ (p, q)/Z (Gal ℓ (p, q)) inherits the structure of a semidirect product of the semisimple Lie algebra sl(2, R) ⊕ so(p, q) with the Abelian Lie algebra of dimension d(2ℓ+1), where the characteristic representation Γ is given by D ℓ ⊗ρ 1 . As this Lie algebra contains in particular the affine Lie algebra sl(2, R)
as well as the multiply-inhomogeneous algebra so(p, q) − → ⊕ ρ 2ℓ+1 R (2ℓd+d) , it is expected that the number of Casimir invariants of Gal ℓ (p, q) will be much higher than that of Gal ℓ (p, q). An exception is given by the special case Gal 1 2 (p, q), isomorphic to the unextended Schrödinger algebra S(p + q), for which the number of invariants is given by N ( S(p + q)) = 1 + p+q 2 , constituting the only case where the number of (non-central) Casimir operators of the extension is preserved when passing to the factor Lie algebra. 
To prove the assertion, the best strategy is to use the reformulation of the formula (4) in terms of differential forms [30] . Let {θ 1 , θ 2 , θ 3 , ω i,j , σ n,j } with 1 ≤ i, j ≤ d, 0 ≤ n ≤ 2ℓ be a basis of 1-forms dual to the basis {H, D, C, E i,j , P n,j } of Gal ℓ (p, q). Then the Maurer-Cartan equations are given by
We first consider the case ℓ = 
.
Proceeding by induction, it can be easily shown that the product
contains all of the 1-forms associated to generators of the Lie algebra S (d) with the following exceptions
Counting the latter elements we conclude that
Therefore, taking the 2-form Ξ = Ξ 1 + Ξ 2 , it is straightforward to verify that it satisfies
showing that
This argumentation, with slight modifications, generalizes naturally for any value ℓ ≥ (i) Let d = p+q ≤ 2ℓ+2. In this case the dimension of the characteristic representation Γ is clearly larger than that of the Levi subalgebra, so that a 2-form of maximal rank can be constructed using only the differential forms associated to the generators P n,k . Consider the 2-form in (30) given by Θ = Θ 1 + Θ 2 , where
Using the decomposition formula
As 1 2
, the 2-form Θ is necessarily of maximal rank, as all the generators of the Levi subalgebra appear in some term of the product (34) and no products of higher rank are possible due to the Abelian nilradical. We therefore conclude that j(g) = 1 2
2 ) and by formula (8) we have
(ii) Now let d ≥ 2ℓ + 3. The main difference with respect to the previous case is that a generic form ω ∈ L(g) of maximal rank must necessarily contain linear combinations of the 2-forms dω i,j corresponding to the semisimple part of Gal ℓ (p, q). Let us consider first the 2-form
where Θ 1 is the same as in (33) and Θ 2 is defined as
In analogy with the previous case, for the index µ 1 = (2ℓ + 1)d + (ℓ + 2)(1 − 2ℓ) the first term of the following product does not vanish:
This form, although not maximal in L(g), is indeed of maximal rank when restricted to the subspace L(r) generated by the 2-forms dσ n,k with 0 ≤ n ≤ 2ℓ, 1 ≤ k ≤ d. This means that the wedge product of µ 1 Ξ 1 with any other dσ n,k is identically zero. Hence, in order to construct a 2-form of maximal rank in L(g), we have to consider a 2-form Ξ 2 that is a linear combination of the differential forms associated to the generators of the Levi subalgebra of Gal ℓ (p, q). As follows at once from (38) , the forms θ 1 , θ 2 , θ 3 associated to sl(2, R)-generators have already appeared, thus it suffices to restrict our analysis to linear combinations of the forms dω i,j corresponding to the pseudo-orthogonal Lie algebra so(p, q). Specifically, we make the choice
Consider the integer µ 2 = 1 4
and take the 2-form Ξ = Ξ 1 + Ξ 2 . A long but routine computation shows that following identity is satisfied:
We observe that this form involves µ 1 + 2µ 2 forms ω i,j from so(p, q), hence there remain
−µ 1 −2µ 2 elements of the pseudo-orthogonal that do not appear in the first term in (40) . From this product and (30) it can be seen that these uncovered elements are of the type {ω i 1 ,i 1 +1 , ω i 2 ,i 2 +1 , · · · ω ir,ir+1 } with the subindices satisfying i α+1 − i α ≥ 2 for 1 ≤ α ≤ r, from which we deduce that no other 2-form dω iα,iα+1 , when multiplied with µ 1 +µ 2 Ξ will be different from zero. We conclude that Ξ has maximal rank equal to j 0 (g) = µ 1 + µ 2 , thus applying (8) we find that
as asserted.
In Table 1 we give the numerical values for the number of Casimir operators of the Lie algebras Gal ℓ (p, q) with d = p + q ≤ 12, and where the linear increment with respect to ℓ can be easily recognized. As follows from a general property concerning virtual copies [22] , Lie algebras of the type g = s − → ⊕ r with an Abelian radical r do not admit virtual copies of s in U (g). Thus for Lie algebras of this type the Casimir invariants must be computed either directly from system (2) or by some other procedure. Among the class Gal ℓ (p, q), an exception is given by the unextended (pseudo-)Schrödinger algebra Gal 1
where the invariants can be deduced from those of the central extension S(p, q) by the widely used method of contractions (see e.g. [38, 39] ). For the remaining values ℓ ≥ 3 2 the contraction procedure is useless in practice, given the high number of invariants. However, an interesting property concerning the invariants of Gal ℓ (p, q) emerges when we try to find the Casimir operators F that only depend on variables p n,k associated to generators P n,k of the radical, i.e., such that the condition
is satisfied. As will be shown next, the number of such solutions tends to stabilize for high values of d = p + q, showing that almost any invariant will depend on all of the variables in Gal ℓ (p, q), implying that finding a complete set of invariants is a computationally formidable task, as there is currently no general method to derive these invariants in closed form.
. For sufficiently large d, the number of Casimir invariants of Gal ℓ (p, q) depending only on the variables p n,k of the Abelian radical is constant and given by
The proof follows analyzing the rank of the subsystem of (2) corresponding to the differential operators X associated to the generators of the Levi subalgebra sl(2, R) ⊕ so(p, q) and such that condition (42) is fulfilled. Specifically, this leads to the system S of PDEs
This system consists of 1 2
equations in (2ℓ + 1)d variables that becomes overdetermined for increasing values of d (and fixed ℓ). In Table 2 the rank of such systems is given for values d ≤ 15, showing that for fixed ℓ, from d ≥ 2ℓ + 1 onwards, the rank of the system increases always by the same constant amount, given precisely by 2ℓ + 1. With these observations, it is not difficult to establish that for any ℓ ≥ and d ≥ 2ℓ + 1 the rank of the system (44) is given by
As the number of variables is (2ℓ + 1)d, we conclude that the system admits exactly solutions satisfying the constraint (42). Further, comparison with Proposition 3 allows us to establish that for any fixed ℓ and d ≤ 2ℓ + 2, the following identity holds:
For increasing values of d, there appear additional invariants that necessarily depend on variables associated to the generators of the Levi subalgebra of Gal ℓ (p, q).
Although there is currently no algorithmic procedure to construct a complete set of invariants of these Lie algebras for arbitrary values d > 2ℓ + 2, those invariants of Gal ℓ (p, q) satisfying the condition (42) can be easily computed by means of a reduction argument that leads to a linear system. To this extent, consider the last of the equations in (44). As the generators of so(p, q) permute the generators of the Abelian radical, it is straightforward to verify that the quadratic polynomials
are actually solutions of these equations. Indeed, any solution of the type (42) is built up from these functions.
The cardinal of this set is given by 2ℓ 2 + 3ℓ + 1, and we observe that not all of the elements in M d are independent. It follows by a short computation that
showing that this set is invariant by the action of sl(2, R). Therefore, we can construct the solutions of system (44) recursively using polynomials in the new variables Φ n,s . Specifically, renumbering the elements in M d as {u 1 , · · · , u 2ℓ 2 +3ℓ+1 }, for any r ≥ 2 we define a polynomial of degree 2r as
Now, imposing the constraints
leads to a linear system in the coefficients α i 1 ···ir , the solutions of which enable us to find the polynomials that satisfy system (44). Alternatively, the functions Φ n,s can be used as new variables to reduce the equations in (51) to a simpler form, which may be computationally more effective, albeit the underlying argument is essentially the same [40] . In the case where the identity (47) holds, this reduction procedure allows us to obtain a complete set of invariants for the Lie algebra Gal ℓ (p, q).
As an example to illustrate the reduction, consider the 18-dimensional Lie algebra Gal 3 2 (3). As d < 2ℓ + 2, formula (47) applies and the algebra has 6 Casimir operators. From these, two of order four in the generators can be derived from the central extension Gal 3 2 (3) by contraction [39] . In this case, the set M 3 has ten elements that we enumerate as follows:
The action of the differential operators associated to sl (2, R) on M 3 is explicitly given in Table 3 . Table 3 . Transformation rules of variables u i under the sl(2, R)-action (44).
It follows from this action that polynomials Ψ r in the u i that satisfy the system (51) are the solutions of the following system of linear first-order partial differential equations: This system admits two quadratic solutions given by
Incidentally, these are the invariants that are obtained by contraction from those of the centrally-extended algebra Gal3 2 (3). In addition, there exist four additional independent fourth-order solutions, the explicit expression of which is omitted because of its length. We conclude that a complete set of Casimir operators of Gal 3 2 (3) is given by two fourthorder polynomials in the generators (corresponding to the quadratic solutions of (52)) and four invariants of order eight corresponding to the fourth-order solutions of (52).
Final remarks
We have seen that the generalized conformal Galilean algebras g ℓ (d) based on the semisimple Lie algebra sl(2, R) ⊕ so(d) can be extended naturally to pseudo-Galilean algebras possessing a Levi subalgebra isomorphic to sl(2, R) ⊕ so(p, q) introducing a nondegenerate metric tensor into the orthogonal part. Virtual copies of sl(2, R)⊕so(p, q) in the enveloping algebra of the semidirect product can be obtained simultaneously for all (half-integer) values of ℓ and p + q = d. The resulting Lie algebras Gal ℓ (p, q) can be seen, to a certain extent, as "real" forms of the conformal Galilean algebra g ℓ (d), their main structural difference residing in the maximal compact subalgebra. Whether these Lie algebras Gal ℓ (p, q) have some definite physical meaning is still an unanswered question, but it is conceivable that they appear in the context of dynamical groups of higher order Lagrangian systems or as the (maximal) invariance symmetry group of a (hierachy of) partial differential equations. The search of physical realizations of the Lie algebras Gal ℓ (p, q) is currently being developed.
We observe that the obstructions found for integer values of ℓ and leading to the socalled exotic extensions (see e.g. [18] and reference therein) are a direct consequence of the incompatibility of the odd-dimensional representation D ℓ with a Heisenberg algebra. Indeed, as shown in [22] , the necessary and sufficient condition for a semidirect product s − → ⊕ Γ⊕Γ 0 h n to exist is that the (nontrivial) characteristic representation Γ satisfies the condition Γ ∧ Γ ⊃ Γ 0 . For the decomposition of Γ into irreducible components, this implies in particular that an irreducible representation of s must appear with the same multiplicity as its dual or be self-dual. Therefore, in order to further generalize the notion of Galilean algebras to sl(2, R)-representations with even highest weight, the characteristic representation Γ must have the form
As happens with any coupling of a semisimple Lie algebra s and a Heisenberg Lie algebra h n , the (noncentral) Casimir operators of the semidirect product s − → ⊕ Γ⊕Γ 0 h n can be constructed using the invariants of s by means of the virtual copy method [20, 22] . Application of this procedure in combination with the trace method provides explicit expressions for the invariants of Gal ℓ (p, q) for arbitrary values of ℓ and p + q = d, comprising in particular the case g ℓ (d) = Gal ℓ (d, 0) recently announced [19] .
The case of the unextended conformal pseudo-Galilean algebra Gal ℓ (p, q) corresponding to the factor of Gal ℓ (p, q) by its centre has also been considered. As this Lie algebra has an Abelian radical, it does not admit a virtual copy in the corresponding enveloping algebra, hence their invariants must be computed by other means. The number of Casimir operators for arbitrary values of the parameters has been computed by means of the Maurer-Cartan equations of Gal ℓ (p, q), where a varying increasement behaviour for the number of invariants in dependence of the proportion between the dimension of the pseudo-orthogonal subalgebra and the dimension 2ℓ+1 of the sl(2, R)-representation D ℓ has been observed. Although explicit formulae for the Casimir invariants of Gal ℓ (p, q) with ℓ ≥ 3 2 can probably not be found generically, it has been shown that the functions depending only on variables of the radical provide a complete set of invariants for the Lie algebra whenever the condition d ≤ 2ℓ + 2 is satisfied. A procedure that reduces the computation of such invariants to solving a linear system has been proposed. However, even with this systematization, the problem still involves cumbersome computations, as the orders of such invariants are quite elevated and there is currently no result that allows to predict these orders. For values d ≥ 2ℓ+3, where there exist Casimir operators that do not satisfy the condition (42), no valuable ansatz has been found that allows to find them systematically. Any kind of progress in this direction would constitute a useful tool for the generic analysis of invariant functions of semidirect products of semisimple and Abelian Lie algebras, a class that up to certain relevant special cases has still not been exhaustively studied.
